¿ P(n)x" = ñ (1 -s")"1.
The Ramanuj an congruences p(5n + 4) = 0 (mod 5), p(7n + 5) = 0 (mod 7), ¿(II77 +6) =■ 0 (mod 11),
show that 5, 7, 11 divide p(n) for infinitely many values of w, and Watson [9] has shown that the same is true for all powers of 5 and 7. In addition Lehner [3; 4] has shown that ll8 and ll3 also have this property. It is natural to conjecture therefore that p(n) fills all residue classes modulo jw infinitely often; that is, that if r is any integer such that 0 = r -m -1, then the congruence p(n) = r (mod m) has infinitely many solutions in non-negative integers w. This conjecture seems difficult and I have only scattered results. In §2 of this paper it will be shown that the conjecture is true for m = 5 and 13 by means of congruences derived from the elliptic modular functions, and similar theorems will be proved; for example that p(5n+4) /5 and p(7n + 5)/7 fill all residue classes modulo 5 and 7 respectively, infinitely often. In §1 it will be shown in an elementary way that the conjecture is also true for m = 2. Thus p(n) is odd infinitely often and even infinitely often. In §1 we will also consider the question of the periodicity of a sequence modulo m in some generality. 1 . We first state and prove a theorem which leads immediately to a proof of the fact that p(ra) is odd infinitely often and even infinitely often. Theorem 1. Let orj f(x) = 2 cnX'", 0 g¡ e0 < ei < e2 < ■ • • , be a power series with integral coefficients and exponents such that (1) en+i -en -* «o as ra -^ oo,
Then there do not exist polynomials a(x), ß(x) with integral coefficients, a(0) = 1, sracA that
In congruence (3) it is understood that the coefficients of corresponding powers of x are congruent.
Proof. We note that if ]C anxn 22 c»x'" = 23 °"X" 
2~1 c*a«"-«* = c" + 2~1 cka<n-'t -6«, (mod m).
Jt-l t-0 By (1) we can choose «o so large that for all n -n0, en -en~i>r, e">s. Then (4) implies that for all n = no, c» = 0 (mod m).
But this contradicts (2), since «i>l. The theorem is thus proved. Theorem 1 now implies Theorem 2. FAe sequence {p(n)} is never ultimately periodic modulo m and consequently p(n) fills at least two different residue classes modulo m infinitely often. Thus p(n) is odd infinitely often and even infinitely often.
Proof. The Euler product *(*) = ft (1 -*") = £ (_l)na;(3nî+n)/2 satisfies the requirements (1), (2) . Thus fax) (and so 1/fax)) is never congruent modulo m to a quotient ß(x)/a(x). But it is easy to show that a sequence of integers {<"} is ultimately periodic modulo tw if and only if ^tnxn is congruent modulo m to a quotient ß(x)/a(x).
(This is proved below.) Theorem 2 is therefore proved.
We now look at these questions somewhat more generally. Let Rm he the totality of formal power series in x which are congruent modulo tm to a quotient of polynomials with integral coefficients, the denominator having constant term 1; and let SnERm be defined by the additional requirement that the numerator have constant term 1 also. Then Rm is closed with respect to addition, multiplication and differentiation, and Sm is closed with respect to multiplication and division. Further, we have the theorem Proof. Set t(x) = 23n-i tnX", q(x) = 23rT-o 1nXn. Then (6) implies that
Suppose Q is ultimately periodic modulo m. Then q(x) is in Rm (Theorem 3) and since ffo=l, q(x) is also in 5m. Thus q'(x)/q(x) is in Rm (Lemma 1), and therefore so is t(x). Thus T is also ultimately periodic modulo m (Theorem 3) and the lemma is proved.
If ra is a positive integer, let o(w) denote the sum of the divisors of ra, and define o(ra) as 0 otherwise. Then we have Lemma 3. Let fi, ex, r2, e2, ■ ■ ■ , r" e, be integers such that 0<ei<e2<
•
Let p be a prime such that (rid, p) = l. Then the sequence T= {tn} is not ultimately periodic modulo p.
Proof. Suppose the contrary. Then there is a positive integer d such that for all n = no the numbers te^nd+l) are all in the same residue class modulo p. Choose «i^w0 so that q = nid+l is prime and larger than p and e, (Dirichlet's theorem). Since q = («i¿ + 2«i)d + 1 > «id" + 1 we have that teiq=teiq2 (mod p). Then (7) implies that -rieio-(q) = -riei<r(q2) (mod p) and since (riei, p) = 1 and q is prime this implies that q2=0 (mod p), a contradiction since qP^p. The lemma is therefore proved.
If we notice that with the values of L as given in (7) the associated function q(x) of Lemma 2 becomes We remark that the restriction that tm be divisible by a prime not dividing ri<?i is sometimes necessary, since for example if p is a prime faxYfax")-1 m 1 (mod p).
Many of the functions common in analytic number theory are of the type (8). faix)'1 enumerates p(n) and has already been discussed. Some others are fax^fax2), which enumerates q(n), the number of partitions of « into distinct parts (or into odd parts) ; c/j(ä;)_1c/)(x2)2c/)(^4)_1, which enumerates do(«), the number of partitions of « into distinct odd parts; c/j(ic)_2,<7j(x2)6s0(x4)-2*, which enumerates rs(n), the number of representations of « as the sum of s squares. and the argument can be repeated until an exponent ri is reached such that f(x)r<-QSp and (n, p) = l. The conclusion then follows from Lemma 1.
Then Lemma 4 implies
We now obtain from Lemma 5
Theorem 5. The sequence {pT(n)}, where r is a nonzero integer, is not ultimately periodic modulo m.
2. In this section we leave the elementary(2) and make use of some deep identities and congruences from the theory of the elliptic modular functions. We first prove the following lemma which will be needed later:
Lemma 6. Let p be a prime not dividing the positive integer c. Let e be the exponent of c modulo p. Then if a is not divisible by p the solutions of (11) xcx = a (mod p)
fall into e classes modulo p which are given by (12) x = (ey + r)p -ace~r(p -1), OSfic-1.
If p\a then (11) Aos just one class of solutions modulo p given by x = yp.
In either case (11) is satisfied by infinitely many positive integers x.
Proof. We can assume that (a, p) = 1, the latter part of the lemma being trivial. Set x = et+r, 0^r^e-l.
Then (11) we have Xi^ac'~r' (mod p), x2 = oc<_r» (mod p), so that Xi = x2 (mod p) if and only if cri~r»=l (mod p), which implies that ri = r2.
We now collect together some congruences for easy reference. The author has shown in [5] that if r is even, 0 = r = 2<i, and p is a prime such that S = r(p-l)/2i = 0 (mod 1) then for all integral « Then it is easy to prove from (23) that
•^ /n + 1\ Lemma 6 and (25) together now imply Theorem 6. Suppose that r is even, 0^r^24, and p is a prime such that S = r(p -1)/24 is an integer. Let q be any odd prime divisor of A = pr(h)2 -4p(r/2>_1 which is different from p. Then the sequence {pr(ra)} fills all residue classes modulo q infinitely often.
An interesting application arises by choosing r = 24, p = 79 or 163. These primes are the only ones <200 such that r(pY = pu(P -l)2 =■ 4pu (mod 13).
Then Theorem 6 and (21) imply P ' \P.
Here ((rv -n)/p) is the Legendre-Jacobi symbol of quadratic reciprocity and
Let oo be arbitrary, and set an = p2"a0 + r(p2» -l)/24, In = pr(On).
Then o" satisfies On+i = p2o" + rv and replacing ra by o" in (26) we find that t0 = pr(ao), k = pr(piao+rv), (27) tn+l -Ctn + p'-Hn-l = 0, « è 1-
We are going to apply Lemma 7 to the recurrence (27). The general procedure is to find values of r and p which make the desired divisibility properties of the sequences under consideration evident. This entails much numeri-[November cal work and involves a knowledge of the coefficients pr(n), some of which are tabulated in [6] .
We notice first that congruences (19) and (20) settle the conjecture mentioned in the introduction for 7« =13. Thus (19) shows that the zero class occurs infinitely often; and if we notice in (20) that 6 is a primitive root of 13 and / may be chosen so that (¿(13/ + 6), 13) = 1 then also all other classes must occur infinitely often. Thus Theorem 8. FAe sequence {¿(w)} fills all residue classes modulo 13 infinitely often.
We now consider congruences (13) and (14). For this purpose we choose r = 23, and p= +1 (mod 5). Then an=a0 (mod 5) and we will choose d0so that either do^O (mod 5) or do=l (mod 5). Then (13) and (14) imply that ¿(1 + a") = t" (mod 5).
Since ¿2 = 1 (mod 5) (27) implies that We make the remark that the choice p=ll was one of expediency only. Other primes would do as well.
Since p(125ra+24)/25=-3p(5ra + l) (mod 5) (by (13) and (16) -pi-j s (-\y-\n + 2) (mod 7).
Since ¿(5«+4)/5 certainly fills the zero class modulo 5 infinitely often, and 2 is a primitive root of 5, we can conclude with the aid of Lemma 6.
Theorem
11. The sequences {¿(5« + 4)/5}, {¿(7« + 5)/7}, {¿(49«+47)/49| fill all residue classes infinitely often modulo 5, 7, 7 respectively.
We mention in conclusion that similar results modulo 10, 26, 65 may be derived.
